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Weakly wetted granular material is the subject
of many studies. Several formulations were pro-
posed to calculate the capillary forces between wet
particles. In this paper some of such models have
been implemented in a DEM-framework, and simu-
lation results were compared to experimental mea-
surements. Also, the influence of capillary model
type on macro parameters like local shear viscosity
and cohesive parameters of sheared material have
been investigated through the simulation of spher-
ical beads using a DEM-model of a split-bottom
shear-cell.
It was concluded that the water content, sim-
ulated with the help of capillary bridge models,
changes the macro-properties of the simulated gran-
ular material. Different capillary bridge models do
not influence the macroscopic results visibly.
1. Introduction
Wet granular materials play an important role in
geology and many technical applications, e.g. con-
struction, pharmaceuticals, civil engineering, etc.
Here, liquid or capillary bridges are present be-
tween the grains, which produce inter-grain forces
on the micro-scale level and drastically modify the
mechanical properties of the granular media on the
macro-scale levels (e.g. slopes can be much larger
than 45 degrees for banked up wet bulk material)
[6, 5, 14].
Such inter-grain capillary forces have been the
subject of many investigations within the last
decades, see e.g. [9, 5, 8] for an overview. Modern
instruments allow one to measure micro- and even
nano-scale force values between individual particles
very precisely. Based on this experimental informa-
tion, capillary bridge models (CBMs) for capillary
force calculations can be deduced, as described e.g.
in [7]. Some recent studies in this direction have
been done for instance by Willett et al. [27] and
Rabinovich et al. [18].
These CBMs can be implemented in particle-
based simulation methods, for example on the base
of the Discrete Element Method (DEM), in order
to model the effects of individual capillary bridges
between particles. Using a CBM it is possible to
simulate the behavior of wetted bulk material and
to predict its macro-parameters. This is important
for simulations of processes like agglomeration, ad-
hesion, crystallization and others [22, 20, 11].
In this paper, we investigate four different CBMs,
which have been frequently used to model capil-
lary bridge forces in DEM simulations. Firstly, the
CBM formulations and their implementations in
an open-source DEM software package are summa-
rized. Then, the quality of the CBM for the descrip-
tion of individual capillary bridges in the pendular
regime (where the capillary bridges exist individu-
ally) is tested by comparison of experimental and
numerical data. Finally, every CBM is analyzed in
simulations of weakly wetted bulk material shear
flows by cross-comparison of results from the differ-
ent CBMs. Here, the bridges are again in pendular
state.
2. Employed capillary bridge
models
Zhu et al. [28] discuss in their review the main
features of CBMs for the calculation of capillary
forces. CBMs for application in DEM simulations
should consist of easy to implement explicit func-
tions of liquid bridge volume and the particle sepa-
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ration distance. Additionally, the shape of the liq-
uid bridge must be approximated in order to calcu-
late the capillary force.
The total capillary attractive force between two
particles is caused by a surface tension component
and hydrostatic pressure in the bulk [10].
Two different methods can be adopted: in the
neck (or “gorge”) method the force is estimated at
the neck of the bridge. In contrast, in the con-
tact (or boundary) method, the force is evaluated
at the liquid bridge solid contact region. It has been
demonstrated that both methods provide relatively
precise predictions of capillary forces [28].
Some recent approaches with explicit CBM func-
tions have been proposed by Weigert and Ripperger
[26] (contact method), Willett et al. [27] (neck
method), Rabinovich et al. [18] (neck method) and
Soulie et al. [25] (neck method). Lambert et al. [8]
give a corrected version of Rabinovich’s CBM. Sev-
eral of these CBMs have already been successfully
used in DEM simulations of weakly wetted granular
material [20, 3, 4, 13, 24]. A comparison of CBMs
from Soulie and Rabinovich (with Lambert’s cor-
rection) has already been given in [3]. Therefore,
we will compare all stated CBMs except Soulie’s in
order to identify (i) differences between CBM based
on the contact and the neck method and (ii) differ-
ences between CBMs based on the same method
(neck) but with different formulations.
Ri Rj
β
R1
R2
a
Θ
dsp/sp
α
i j
Figure 1: Pendular liquid bridge between two
spherical particles. See the text for the
description of the indicated parameters.
In our study, we apply four different CBMs,
which have been proposed in chronological order
by Weigert and Ripperger [26], Willett et al. [27]
and Rabinovich et al. [18]) for the capillary force
Fcap between particles i and j with radii Ri and
Rj . In these models, an effective radius R of the
particle pair (which is based on the Derjaguin ap-
proximation) is calculated as a harmonic mean of 2
different radii.
R =
2RiRj
Ri +Rj
(1)
Willett et al. [27] have demonstrated that the
Derjaguin approximation works in a reasonable way
for separation distances a excluding close-contact
(a ≈ 0) and near rupture distance (a ≈ acrit). Some
limitations of this approach have been discussed by
Rabinovich et al. [18].
As constant input parameters, we prescribe the
liquid bridge volume V = Vbridge, the contact an-
gle θ of the liquid-gas interface at the particle sur-
face, and the liquid surface tension γ. In all four
CBMs, the distance a between the surfaces of the
two particles i, j is the main model variable (Fig.
1). We assume that Fcap (capillary force) is act-
ing only after a mechanical contact between i and
j. Fcap is acting as long as a < acrit. The criti-
cal distance (rupture distance of the liquid bridge)
acrit between two particles is calculated according
to Willett et al. [27]:
a∗crit =
(
1 +
θ
2
)
·
(
V ∗1/3 +
V ∗2/3
10
)
(2)
Where a∗crit = acrit/R and V ∗ = V/R3 are the
dimensionless critical distance and bridge volume
accordingly.
All formulations, which are given below, have
been implemented in the open-source DEM soft-
ware Yade [29] in combination with a linear vis-
coelastic model for normal contacts [19]:
Fnorm = −knδn − cn
dδn
dt
Ftan = −ktδt − ct
dδt
dt
(3)
Here, spring and damping parameters kn, kt, cn
and ct are calculated as a function of restitution
coefficients in normal and tangential directions en
and et, contact duration time tc and mass of parti-
cles, see [16] for details. The leapfrog algorithm is
used for the integration of motion. Our model im-
plementation is in line with the description given in
[19].
The total interaction force acting on particle dur-
ing the normal contact is the sum of normal and
tangential forces Eq. (4). Coulomb’s friction law
|Ftan| ≤ µCFnorm as well as preventing undesirable
attractive forces when dδn/dt > 0 were considered
in implementation [23]. Rolling resistance is ne-
glected. The capillary force ~Fcap is acting along
the line connecting the centers of particles j and i.
~F =
{
~Fnorm + ~Ftan, δn < 0
~Fcap, δn > 0
(4)
We are neglecting effects of capillary forces dur-
ing mechanical contact because we are not aware of
a proved model for that case. Because the capil-
lary forces are in order of magnitude much smaller
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than the mechanical ones, we do not expect a large
influence from this simplification.
2.1. Weigert’s model
In the CBM of Weigert and Ripperger [26], empiri-
cal equations are employed in order to calculate V
and the half-filling angle β from the bulk liquid sat-
uration. These parameters are needed to calculate
Fcap:
Fcap =
pi
4
(2R)2 sin2 β · pk︸ ︷︷ ︸
Fp
+ γpi2R sinβ sin (β + θ)︸ ︷︷ ︸
Fγ
(5)
where the first term Fp is the hydrostatic pressure
component and the second one Fγ is the liquid sur-
face tension contribution. Both force components
are evaluated at the particle surface. Main geomet-
rical parameters of the liquid bridge are showed in
figure 1.
Equations for all other parameters are presented
in the appendix. The sequence of equations in im-
plementation is the following: Eq. (A3), Eq. (A4),
Eq. (A2), Eq. (A6), Eq. (A7), Eq. (A5), Eq. (5).
2.2. Willett’s full model
Willett et al. [27] proposed the following CBM,
which is based on combined experimental and nu-
merical results with numerical data from integra-
tion of the Laplace-Young equation. The main
model variable is the scaled, dimensionless half- sep-
aration distance S+:
S+ =
a
2
√
V/R
(6)
Fcap is calculated from:
Fcap = 2piRγ exp(f1 − f2 exp(f3 lnS+ + f4ln2 S+))
(7)
The definitions of the coefficients f1...4 are pre-
sented in the appendix and were derived by curve-
fitting to the numerical solution. The sequence of
equations in implementation is the following: Eq.
(B1), Eq. (B2), Eq. (B3), Eq. (B4), Eq. (6), Eq.
(7).
2.3. Willett’s reduced model
Willett et al. [27] also give a less complex CBM for
equal-sized particles Ri = Rj = R. The following
equation provides a closed approximation of Fcap
between equal-sized spheres:
Fcap =
2piRγ cos θ
1 + 2.1(S+) + 10(S+)2
(8)
The sequence of equations in implementation is the
following: Eq. (6), Eq. (8).
Willett et al. [27] noticed that both proposed
formulations are valid for θ < 50◦ and V ∗ < 0.1.
2.4. Rabinovich’s model
Rabinovich et al. [18] give the following CBM,
which is based on combined experimental and nu-
merical analysis as well. First of all, the “embracing
angle” α for the case sphere-sphere is evaluated (see
Fig. 1):
α =
√√√√√ a
R
·
−1 +
√
1 +
2V
piRa2
 (9)
Then the immersion distance dsp/sp must be found:
dsp/sp =
a
2
·
−1 +
√
1 +
2V
piRa2
 (10)
Finally, Fcap is predicted with:
Fcap = −
2piRγ cos θ
1 +
[
a/2dsp/sp
]− 2piγR sinα sin (θ + α)
(11)
Later, Lambert et al. [8] identified an error in the
deduction of the model and showed that the second
term of Eq. (11) is redundant. Therefore, we em-
ploy Rabinovich’s model with Lambert’s correction.
Fcap is predicted with:
Fcap = −
2piRγ cos θ
1 +
[
a/2dsp/sp
] (12)
The sequence of equations in implementation is the
following: Eq. (9), Eq. (10), Eq. (12).
3. Validation of capillary bridge
model implementations
Here, we observe outputs (forces) of different CBMs
during the DEM pendular simulation of a pair of
particles with a single liquid bridge. The setup of
the simulations corresponds to the experiments that
are presented in Willett et al. [27] for micro-scale
and in Rabinovich et al. [18] for nano-scale experi-
ments.
Willett et al. [27] employed for the experiments
precision synthetic sapphire spheres of radii 2.381,
1.588 and 1.191 mm. In their experiments, the liq-
uid bridges are formed of dimethylsiloxane with rel-
evant material parameters surface tension γ = 20.6
mN/m and contact angle θ = 0◦. The liquid bridge
volume V has been varied, see Tab. (1).
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Table 1: Input values for DEM-simulations of a sin-
gle pair of particles with a liquid bridge
between them, based on Willett’s [27] and
Rabinovich’s [18] experiments
CODE Ri Rj γ θ V
[mm] [mm] [mN/m] [◦] [nl]
W11 2.381 2.381 20.6 0 13.6
W12 2.381 2.381 20.6 0 31.3
W13 2.381 2.381 20.6 0 74.2
W21 2.381 1.588 20.6 0 9.6
W22 2.381 1.588 20.6 0 13.2
W23 2.381 1.588 20.6 0 24.7
W24 2.381 1.588 20.6 0 59.3
W31 2.381 1.191 20.6 0 25.3
W32 2.381 1.191 20.6 0 61.8
W33 2.381 1.191 20.6 0 127.8
[µm] [µm] [mN/m] [◦] [×108nm3]
R1 19 35 27 10 2
R2 19 32.5 24 10 12
R3 19 27.5 28 10 36
Rabinovich et al. [18] used in their study
much smaller glass spheres with the radii R =
[19 . . . 35]µm. An oil with relevant material param-
eters γ=[24 . . . 28]mN/m and θ = [0 . . . 10]◦ forms
the capillary bridges between the particles. All
parameters for DEM-simulations are presented in
Tab. (1).
Each of the 13 cases given in Tab. (1) was inves-
tigated in DEM simulations using the four CBMs of
Weigert et al. (Weig), Willett et al. - full (WilF),
Willett et al. - reduced (WilR) and Rabinovich et
al. with Lambert’s correction (RabL).
In the simulations, two interacting particles
touch each other in their initial positions without
a gap between them, i. e. a = 0. Then, one par-
ticle is pulled out whereas the other remains fixed,
until the rupture distance of the liquid bridge acrit
is reached. During the simulation, the force Fcap of
the capillary bridge is constantly recorded. Gravi-
tation is not taken into account in the simulation.
In figures 2 and 3, results for the capillary force
calculation in two different DEM simulations (sim-
ulations W11 and R1 from Tab. (1) are compared
with the corresponding experimental data. All sim-
ulations are performed until a > acrit, therefore the
jumps at the end of the curves represent the mod-
eling of the liquid bridge rupture.
Obviously, the overall agreement of the CBMs
WilF, WilR and RabL to both experimental data
sets from the micro- and the nano-scale is very good
(see insets on diagrams to get a zoomed view of the
data). Differences between the CBMs predictions
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Figure 2: Capillary force as a function of separa-
tion distance, comparison of Willett ex-
periments with simulations, [27, Fig. 1a,
S. 9399], W11, see Tab. (1): Ri = Rj =
2.381 mm, V = 13.6 nl
and measurements are largest for small particle dis-
tances a, i. e. small bridge elongations. It looks like
this difference is not systematic, but random. Only
in figure 2 Weig and WilF come close to experimen-
tal results for a → 0; in figure 3 all CBMs fail to
predict the measured values for Fcap in the case of
a→ 0. We also have to keep in mind that measure-
ments of capillary forces at such small separation
distances are also complicated (see the discussion
in [18]).
On the contrary, the DEM simulations with CBM
Weig fit only for small values of a to the experimen-
tal findings. Especially for the micro-scale setup
W11 in figure 2, the CBM Weig is noticeably bet-
ter in comparison to the other CBMs. However,
the prediction quality of the Weig CBM rapidly de-
creases for moderate and large values of a. Only
the qualitative trend (nonlinear decreasing capil-
lary force with increasing a) is captured with CBM
Weig, but the capillary force values are markedly
over-predicted.
An overview over the results from all DEM simu-
lations (setups W11 . . .W33 and R1 . . . R3) is given
in figure 4. Here, relative capillary force values, de-
fined as the ratio of numerical to experimental force
data, are given for three different bridge lengths
a1 = 0, a2 = 0.5 acrit and a3 = 0.95 acrit. In gen-
eral, the observations from setups W11 and R1 are
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Figure 4: Capillary forces, obtained from simula-
tions, are compared with experimental
data (red dashed line)
confirmed: whereas CBMs WilF, WilR and RabL
match well to the measurements for most setups
and all particle distances, the Weig CBM only gives
only a satisfactory prediction for small a values.
4. Influence on macroscopic
parameters
4.1. Shear cell setup
In a recent paper [24] the authors have demon-
strated the visible influence of capillary forces on
macroscopic hydrodynamic material parameters,
e.g. “viscosity” (ratio of shear stress to strain rate),
of wet granular matter in shearing motion. Now,
the effects of the different CBMs on these param-
eters are studied. Therefore, DEM-simulations of
a split-bottom ring-shear cell filled with a spherical
beads are performed. The construction of such kind
of ring-shear cell was proposed and experimentally
examined by Fenistein et al. [1].
Figure 5: Setup of the split-bottom ring-shear cell
in the DEM simulations. The center line
of the rotational symmetrical geometry is
on the left, radii and height are given in
mm.
The geometry of the packing in the shear cell is
given in figure 5. The particle size of the monodis-
perse packing has been set to Ri = Rj = 2.381
mm, as in experiment W11 in Tab. (1). The outer
cylinder and the outer part of the bottom of the
shear cell rotates with a period of 100 s. The inner
cylinder and the inner part of the bottom remain
static.
The density of sheared particles is set to ρ =
150 kg/m3 in order to get roughly the same mass
of particles as in [24] and achieve a comparable
Fnorm/Fcap relationship. The particle number for
the simulation is nearly 200000. About 84% of all
particles are in the region of the sheared material.
The following model parameters are set: duration
of contact tc = 5.4 · 10−4 s, coefficient of restitution
in normal and tangential directions en = et = 0.83,
integration time step ∆t = 5.4 · 10−4 s. Accord-
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ing to formulation in [16] spring and damping co-
efficient under these conditions are the following:
kn ≈ 144.03 N/m, kt ≈ 41.15 N/m, cn ≈ 2.92 ·10−3
kg/s and ct ≈ 41.15 kg/s. The Coulomb friction of
the contact is set to µ = 0 to exclude the influence
of this parameter on the final results.
These settings of material parameters for the
shear cell setup are purely artificial and do not
correspond to any experiments. They have been
chosen to see the effects of capillary bridges more
clearly. Simulations with more realistic material
parameters and comparison with data from shear
cell experiments (not available at the moment) are
planned for the future.
Liquid bridge volume values for simulations of
weakly wetted material have been chosen to be 13.6
and 74.2 nl, which correspond to experiments of
single pairs of particles W11 and W13 from Tab.
(1) respectively. The distribution of capillary con-
tacts is homogeneous without liquid conservation
for the whole system. There are no interrelations
between individual capillary bridges. Therefore, a
slight fluctuation of up to 1 % in the total liquid
content was observed in the simulations.
Every simulation has been run for a minimum of
5 s real flow time, corresponding to ≈ 106 simu-
lation time steps. The potential and kinetic ener-
gies of all simulated particles were controlled. The
results showed that such a low relatively simula-
tion time is enough to achieve a steady state of
the velocity field. This is in agreement with ex-
perimental studies of ring shear cell configurations
[1, 2, 21]. However the whole system may also show
some long-term transition in other quantities, e.g.
density, which was recently shown by Sakaie et al.
[21]. We do not consider these long-term develop-
ments, because we are focusing here on the velocity
field analysis. The influence of the long-term be-
havior will be investigated for further studies.
All simulations have been carried out on the HPC
cluster of TU Bergakademie Freiberg. Adding cap-
illary bridges to the contact model of the DEM code
increases the time of contact existence and the num-
ber of interactions. It complicates the calculation
schema, but does not significantly decrease the cal-
culation speed of the model. All simulations need
nearly the same CPU time period with differences
of only ≈ 10%. From every simulation, 15 snap-
shots are taken into account for averaging, see [24]
for more details. The discrete averaging time step
is 0.25 s.
4.2. Results and discussion
For the analysis, data obtained from DEM simu-
lations was averaged by micro-macro transition as
explained e.g. in [17, 24]. Therefore, all quanti-
ties, e.g. velocity, stress and strain presented in the
section are macro-quantities.
The dominating feature in the sheared granular
material in the split-bottom shear cell is the shear
band, i.e. a localized region where the granular
material yields and flows [1]. In figure 6, the shear
bands in dry and wet granular materials are com-
pared. For the wet materials, resulting shear bands
from the four CBMs Weig, WilF, WilR and RabL
are shown.
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Figure 6: Shear bands and rates in dry (black thick
line) and wet (dashed thin lines) mate-
rials. Lines indicate the centers RC and
widths W of shear bands, which were ob-
tained through the fit of error function
Eq. (13). Horizontal red lines on the
lower plot are the heights at which the
velocity profiles were analyzed.
Shear bands are indicated in figure 6 by lines.
They were obtained through the fit of error func-
tion Eq. (13), which describes the universal velocity
profile (see for details [1, 2, 17, 24]) of the sheared
material. The central points of the shear band and
its width were obtained for 13 different heights of
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the sheared material
ω(r) = 0.5 + 0.5 · erf
(
r −RC
W
)
(13)
where ω(r) is the velocity profile at the defined
height of the layer, RC andW are shear band center
and width respectively.
Obviously, the center RC and outer lines RC+W
of the shear band are shifted inwards in the wet ma-
terials. The displacement seems to depend on the
liquid content as well. For the larger liquid bridge
volume (higher liquid content in the granular ma-
terial), a stronger shift is observed. Regarding the
four employed CBMs, we do not find a clear differ-
ence between the corresponding results (relocation
of the shear bands). Similar shear band shifts were
also observed by Luding during investigation of the
friction influence on the sheared material [17].
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Figure 7: Shear stress τ plotted against pressure
p where γ˙ > 0.12. Diagrams are show-
ing the appeared cohesiveness of wet
material.
The mean shear and normal stresses correlations
τ -p give first insights into the macroscopic behavior
of the granular material in the shear band. Figure
7 shows these correlations for dry and wet mate-
rial with different liquid content. As expected, the
correlations fit to the well-known constitutive law
[12]
τ = µ p+ c (14)
with µ = 0.13 for the particular granular mate-
rial. Here, the parameter c of the constitutive law
depends significantly on the liquid content (c1 =
1.3Pa for V1 = 13.6 nl, c2 = 2Pa for V2 = 74.2 nl),
whereas the choice of the CBM has again no ob-
vious influence on the macroscopic parameters (all
points fitted by the red lines are very close to each
other). It is definitely seen that the liquid bridge
existence and liquid content amount is increasing
cohesiveness of the simulated media. The increase
of the parameter c is due to the larger rupture dis-
tance acrit, which is increasing proportionally to
the liquid bridge volume. Therefore, the capillary
forces act longer in the case of larger liquid bridge
volumes. However the macro-correlations cannot
be easily anticipated from the functional relation-
ship given by the CBM.We have researched for such
simple correlations between micro- and macro-scale
functional relationships, but we have not found any
at the moment.
The influence of the Coulomb friction parameter
µC on shear band structure and parameter µ is the
same as reported by Luding [17] for dry materials.
Therefore a discussion is omitted here.
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Figure 8: Average torque acting on rotating part of
the shear cell during different simulation
regimes.
One more macro-parameter, which can be evalu-
ated from the DEM results, is the torque M acting
on the rotating part of the shear cell. The torque
indicates indirectly the cohesive properties of the
sheared material as well. It has been recorded dur-
ing the whole rotating period of the simulations.
Time-averaged results are presented in figure 8.
The results show the nonlinear dependency of the
torque on the liquid content in the granular ma-
terial, which can be the result of nonlinear CBM
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dependency. Again, the DEM simulations with the
four different CBMs give nearly the same values of
M .
We conclude from the results in figures 6 to 8,
that the specific choice of the CBM has a minor
importance for this type of granular flow. Changes
in the overall flow field structure and corresponding
hydrodynamic parameters correlate clearly with the
liquid content in the granular material, but only
slightly with details of the capillary bridge force
modelling.
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Figure 9: Contact number as a function of separa-
tion distance a (top row) for CBMs Weig
and WilF. The bottom row shows the av-
eraged force as a function of separation
distance (right side) / penetration (left
side) in a bulk. Blue lines – 74.2 [nl], red
lines – 13.6 [nl]. (WilR and RabL are ex-
cluded from the diagram, it is difficult to
distinguish them from WilF).
In order to understand these findings, we ana-
lyze the liquid bridge length distribution within the
shear zone in more detail. Figure 9 gives the contact
number and force distribution in both dry (mechan-
ical contact a = −δn) and wet (bridge length a > 0)
contacts respectively. The averaging is performed
as given in Eq. (15)
Φ(a) =
1
∆a
a+∆a/2∫
a−∆a/2
φ (a) da (15)
for the contact number N and the force F , re-
spectively. The averaging interval is ∆a =
(acrit + δn,max) /100, where δn,max is the maximum
penetration distance of spheres found in the simula-
tion. The inlay in the figure 9 (bottom row) shows,
that the maximum of capillary force values is not
exactly at a = 0 as can be seen in figure 2. That is
an artifact due to the averaging interval, which is
not present in simulation of an individual particle
pair.
It is found that in the simulation of weakly wet-
ted granular material, the number of mechanical
contacts increases by about 20%, and is nearly in-
dependent of the individual liquid bridge volume.
Inspecting the wet contacts, one can observe that
most of them have only short bridge lengths with
respect to acrit. Here, the capillary force prediction
gives roughly the same values from all four investi-
gated CBMs. Therefore, only small deviations are
found for the macroscopic flow parameters.
Also, the figure 9 (bottom row) shows distance-
force dependencies, obtained from the shear cell
simulations. Those curves have the same depen-
dency as in the previous sphere-sphere simulations
(figure 2). It proves the correct implementation
of CBMs in the source code. Under the more dy-
namic conditions (increased cell rotation speed and
thereby higher impact velocities), obtained curves
can differ in a dry state from static ones because
of the increased damping term of the total contact
force.
Figure 10 shows the typical picture of wet contact
distribution inside of the shear band and out of it.
To correctly compare contact numbers, the wet con-
tact number per volume n is introduced here. The
diagram shows that the relative number of contacts
varies only for the range a > 0.5acrit.
The relative contact number is smaller for the
range a > 0.5acrit outside the shear band compared
to the region of the shear band itself. The trend
is independent of liquid volume. In other words,
in the shear band there are some more wet con-
tacts, which are far away from each other due to
the higher velocity gradient.
5. Conclusion
In the paper, four different capillary bridge mod-
els for DEM simulations are investigated. First,
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Figure 10: Contact density as a function of sepa-
ration distance a inside shear band and
outside of it for RabL CBM. Blue sym-
bols – 74.2 [nl], red lines – 13.6 [nl]
implementations of the four capillary bridge mod-
els in DEM are validated by a comparison of sim-
ulation results and experimental measurements of
an individual micro-scale pendular bridge between
two separating spheres. It is found that the results
of three capillary bridge models are very near to
the experimental data. In contrast, one model only
gives a reasonable qualitative representation of the
capillary force development, but overestimates the
force values strongly.
Then, the different capillary bridge models are
employed in DEM simulations of wet granular ma-
terial sheared in a split-bottom shear cell. Here, the
flow field structure and corresponding macroscopic
parameters clearly depend on the micro-scale pa-
rameter liquid bridge volume. However, up to now,
the investigated macroscopic rheological dependen-
cies of the sheared material cannot be easily antici-
pated from the functional microscopic relationships
given by the CBM.
Additionally, the differences that have been found
in the prediction of individual bridges on the micro-
scale are not visible on the macro-scale in this spe-
cific configuration. Therefore, the specific choice
of the investigated capillary bridge model does not
seem to have a marked influence on the prediction
of the hydrodynamics of this type of granular flow.
Separation distance a for most of the wet contacts
in the bulk is relatively small in comparison to the
critical distance acrit, where all CBMs showed com-
parable results.
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A. Weigert’s model equations
The following equations are used for the calculation
of β, Ca and Cθ, pk, R1 and R2 for Weigert’s model.
V (bridge volume) can be found as:
V = 0.12(2R)
3
sin4 βCaCθ (A1)
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Since V is a given parameter for us, β can be
obtained:
β = arcsin
(
V
0.12 · (2R)3 · CaCθ
)1/4
(A2)
Ca and Cθ are the correction functions for the dis-
tance and the contact angles respectively, they are
calculated according to:
Ca =
(
1 + 6
a
2R
)
(A3)
Cθ = (1 + 1.1 · sin θ) (A4)
The capillary pressure pk is calculated according to
the Laplace-Young equation:
pk = γ
(
1
R1
+
1
R2
)
(A5)
The principal radii of the bridge curvature R1
and R2 are taken positive and negative respectively,
and calculated according to Pietsch and Rumpf
[15]:
R1 =
R(1− cosβ) + a
cos (β + θ)
(A6)
R2 = R sinβ +R1 [sin(β + θ)− 1] (A7)
The full description of the model can be found here
[26].
B. Willett’s full model
equations
The coefficients f1...4 of Willett’s full model are cal-
culated as follows:
f1 =(−0.44507 + 0.050832 θ − 1.1466 θ2)+
(−0.1119− 0.000411 θ − 0.1490 θ2) ln(V ∗)+
(−0.012101− 0.0036456 θ − 0.01255 θ2) (ln(V ∗))2+
(−0.0005− 0.0003505 θ − 0.00029076 θ2) (ln(V ∗))3
(B1)
f2 =(1.9222− 0.57473 θ − 1.2918 θ2)+
(−0.0668− 0.1201 θ − 0.22574 θ2) ln(V ∗)+
(−0.0013375− 0.0068988 θ − 0.01137 θ2) (ln(V ∗))2
(B2)
f3 =(1.268− 0.01396 θ − 0.23566 θ2)+
(0.198 + 0.092 θ − 0.06418 θ2) ln(V ∗)+
(0.02232 + 0.02238 θ − 0.009853 θ2) (ln(V ∗))2+
(0.0008585 + 0.001318 θ − 0.00053 θ2) (ln(V ∗))3;
(B3)
f4 =(−0.010703 + 0.073776 θ − 0.34742 θ2)+
(0.03345 + 0.04543 θ − 0.09056 θ2) ln(V ∗)+
(0.0018574 + 0.004456 θ − 0.006257 θ2) (ln(V ∗))2;
(B4)
The full description of the model can be found here
[27].
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